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Introduction
Let Y = Γ G/K = Γ X be a compact, n-dimensional (n even), locally symmetric Riemannian manifold with strictly negative sectional curvature, where G is a connected semisimple Lie group of real rank one, K is a maximal compact subgroup of G and Γ is a discrete co-compact torsion-free subgroup of G. We assume that the Riemannian metric over Y induced from the Killing form is normalized so that the sectional curvature of Y varies between −4 and −1. The universal covering X of Y is known to be a real, a complex or a quaternionic hyperbolic space or the hyperbolic Cayley plane, i.e., X is one of the following spaces HR k , HC m , HH m , HCa 2 .
Here, n = k, 2m, 4m, 16, respectively.
In [3] , the authors studied the zeta functions of Selberg and Ruelle canonically associated with the geodesic flow of Y .
In many applications it is often useful to have some approximate representation of the logarithmic derivative of an appropriate zeta function. Following traditional approach [11] , (see also [10] ), we obtain such representations for the zeta functions described in [3] .
Preliminaries
The notation that will be applied in the sequel relies completely on [3] . We require G to be a linear group. Let g = k ⊕ p be the Cartan decomposition of the Lie algebra g of G, a a maximal abelian subspace of p and M the centralizer of a in K with Lie algebra m.
Let Φ (g, a) be the root system. Fix a system of positive roots Φ + (g, a) ⊂ Φ (g, a) and let n = α∈Φ + (g,a) n α be the sum of the root spaces. We have the Iwasawa decomposition g = k ⊕ a ⊕ n and the corresponding Iwasawa decomposition G = KAN . Define
Now, if n = k, 2m, 4m, 16, then ρ = 1 2 (k − 1), m, 2m + 1, 11, respectively. Let a + be the half line in a on which the positive roots take positive values and A + = exp (a + ).
The embedding i : M → K induces the restriction map i * : 
Zeta functions of Selberg and Ruelle
Since Γ ⊂ G is co-compact and torsion-free, there are only two types of conjugacy classes: the class of the identity e ∈ Γ and classes of hyperbolic elements. Let PΓ h be the set of the Γ-conjugacy classes of primitive hyperbolic elements in Γ.
As it is known, every hyperbolic element g ∈ G is conjugated to some element a g m g ∈ A + M (see e.g., [6, 7] ). Following [3: p. 59], we put l (g) = |log (a g )|.
For s ∈ C, Re (s) > ρ, the Selberg zeta function is defined by (see [3: p. 97])
where σ and χ are finite-dimensional unitary representations of M and Γ, respectively, S k is the k-th symmetric power of an endomorphism,n = θn is the sum of negative root spaces of a and θ is the Cartan involution of g.
For s ∈ C, Re (s) > 2ρ, the Ruelle zeta function is given by (see [3: p. 96])
ON THE LOGARITHMIC DERIVATIVE OF ZETA FUNCTIONS
It is well known that the Ruelle zeta function can be expressed in terms of Selberg zeta functions (see e.g., [5] ). In our case (see [3: p. 99]), there exist sets
We have proved the following theorem.
where the zeros of Z 1 (s) correspond to the zeros of Z S,χ (s, σ) and the zeros of Z 2 (s) correspond to the poles of Z S,χ (s, σ). The orders of the zeros of Z 1 (s) resp. Z 2 (s) equal the orders of the corresponding zeros resp. poles of Z S,χ (s, σ).
The following well known lemma will be applied in the sequel (see [11: p. 56 
where ρ runs through the zeros of f (s) such that |ρ − s 0 | ≤ 1 2 r. The singularities of meromorphically continued Z S,χ (s, σ) are determined by the following theorem.
Theorem C ([3: p. 113, Theorem 3.15]). The Selberg zeta function Z S,χ (s, σ) has a meromorphic continuation to all of C. If γ is σ-admissible, then the singularities (zeros and poles) of Z S,χ (s, σ) are the following ones:
• at ± i s of order m χ (s, γ, σ) if s = 0 is an eigenvalue of A Y,χ (γ, σ),
• at s = 0 of order 2m
If two such points coincide, then the orders add up.
In particular, Theorem C states that the singularities of Z S,χ (s + ρ − λ, τ ⊗ σ) are at:
The 
Main result
We shall assume that σ-admissible γ σ ∈ R (K) is chosen and fixed for every σ ∈M that appears in the sequel.
Let T be the set of all elements τ ∈M in (3.1).
The following theorem is the main result of this paper.
0 is chosen so that i t is not a singularity of Z S,χ (s, τ ⊗ σ), τ ∈ T. Then, (i) (a), (i) The factor in the representation (3.1) that corresponds to (τ, λ) ∈ I p is
ON THE LOGARITHMIC DERIVATIVE OF ZETA FUNCTIONS
Let r = 1 2 t. We choose c such that λ < c < 1 8 t − ρ + λ and put s 0 = c + i t. It follows immediately that the circles |s − s 0 | ≤ 1 2 t, |s − s 0 | ≤ 1 4 t and |s − s 0 | ≤ 1 8 t cross the line Re (s) = −ρ + λ. Denote the set of poles of Z S,χ (s + ρ − λ, τ ⊗ σ) lying in the circle |s − s 0 | ≤ 1 2 t by P . Then, the function
with α > 0 sufficiently large. We may assume that α
Having in mind that t 1 ≤ 3 2 t for s = σ 1 + i t 1 , |s − s 0 | ≤ 1 2 t, the relations (4.1) and (4.2) imply for some explicitly known constant C 1 . The factor (log y) −1 does not improve our result. For the sake of simplicity, we take N τ,λ S,p (y) = C 1 y n + O y n−1 . Now, the number of elements of the set P is determined by the difference
i.e., it is O (t n ). Since |s − ρ 1 | ≤ t, |s 0 − ρ 1 | > ρ for all ρ 1 ∈ P and s = σ 1 + i t 1 , |s − s 0 | ≤ 1 2 t, it follows from (4.3) that 
(4.7)
Combining (4.5), (4.6) and (4.7), we obtain 
